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Abstract

One of the central results of the paper is the Pontryagin maximum principle [16] which is
considered in sufficient form for the linear case of impulsive differential equations. The problem of
controllability of boundary-value problems for quasilinear mpulsive system of integrodifferential
equations is considered. The control consists of a piecewise continuous function part as well as
impulses which act at a variable time.
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1 Introduction

The theory of impulsive differential equations is emerging as an important area of investigation since it

is richer in problems in comparison with the corresponding theory of differential equations. Actually,

many mathematical, e.g., dynamical and optimization problems encountered in studying impulsive

differential equations cannot be treated with the usual techniques of ordinary differential equations [11,

14, 17]. Here, we also mention biological applications in population dynamics and genetics (mutation,

experiments, etc., [21]) where impulses (jumps) naturally arise or are caused by control. Moreover,

impulsive differential systems represent a natural framework for mathematical modeling of several real-

world problems [7, 9, 11, 14, 17]. However, the theory of integrodifferential equations with impulse

actions on surfaces is not yet sufficiently elaborated compared to that of impulsive differential equations
∗
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and integrodifferential equations. There are also several problems on the controllability problem for

impulsive systems which are connected with the results of the theory of integral and integrodifferential

equations and have not been well investigated yet [2, 5, 6, 8, 10, 12, 15, 18]. One of the original

approaches to optimization problems is throgh boundary value problem. And this method request

correspondly the development of the controllability problem of solutions for impulsive equations,

particularly of integrodifferential systems of the form

dx/dt = A(t)x +
∫ t

α

K(t, s)x(s)ds + C(t)u(t) + f(t) + µg(t, x, u, µ), t 6= θi + µτi(x, µ),

∆x(ζi) = Bix(ζi) +
∑

j:α<ζj≤ζi

Dijx(ζj) +
∫ ζi

α

Mi(s)x(s) ds + Qivi + Ji + µWi(x(ζi), vi, µ),

i = 1, 2, . . . , p, (1)

x(α) = a, x(β) = b. (2)

Here, µ > 0 is a small parameter, α, β, θi, ζi ∈ R such that α < θ1 < · · · < θp < β, and ζi =

θi + µτi(x(ζi), µ); A, K, Mi, Dij and Bi are n × n matrices; C and Qi are n ×m matrices; x, f , g,

Ji, Wi, a, and b are n-vectors; u and v are m-vectors; τi(x, µ), i = 1, 2, . . . , p, are real valued scalar

functions; ∆x(t) ≡ x(t+) − x(t−), where x(t+) = limh→0+ x(t + h) and x(t−) = limh→0− x(t + h).

We assume that solutions are left continuous and therefore write ∆x(t) = x(t+) − x(t). In this

paper, by the help of some results from [1, 3, 5], we shall investigate the problem of controllability of

boundary-value problems for quasilinear impulsive system of integrodifferential equations of the form

(1), (2). We obtain our results by comparing solutions of integrodifferential equations having impulse

actions at variable moments with solutions of integrodifferential equations having impulse actions at

fixed moments. This comparison method was proposed by M.U. Akhmetov and N.A. Perestyuk in [1].

As being well-known, the solutions of differential equations with variable moments of impulse effect

may experience pulse phenomena, namely, they may hit a given surface of discontinuity a finite or

infinite number of times causing rhythmical beating [14, 17]. This results in additional complications

in studying such systems and, therefore, in most cases it is necessary to find conditions that guarantee

the absence of beating. In the present article we also give a new condition for the absence of beating

(see Theorem 5) which is based on the method of small parameter. Finally, a maximum principle of

Pontryagin type is proposed for the time-optimal problem in linear case. The results of this paper

may be considered as a continuation or a generalization of the results obtained in [3], [4] and [5],
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where linear and quasilinear impulsive differential systems were considered. The results can be useful

to investigate problems of the optimum control for discontinuous dynamics [7, 16].

2 Preliminaries

In the following, by PAC[α, β] we denote the set of all functions x : [α, β] → Rn being piecewise

absolutely continuous and continuous on the left with discontinuities of the first kind at points θi, i =

1, 2, . . . , p. By Lr
2[α, β] we denote the set of all square integrable functions φ : [α, β] → Rr and by

Dr[1, p] the set of all finite sequences {ξi}, ξi ∈ Rr, i = 1, . . . , p, where p and r are fixed positive

integers. Furthermore, we define Πr[α, β] := Lr
2[α, β] × Dr[1, p] and identify its elements as {φ, ξ},

and let

〈{φ, ξ}, {ω, ν}〉 =
∫ β

α

(φ, ω) dt +
p∑

i=1

(ξi, νi)

be an inner product in Πr[α, β], where (, ) is the Euclidean scalar product in Rr. Let us introduce

the norm ||{φ, ξ}||[α,β] =
〈{φ, ξ}, {φ, ξ}〉

1
2 in Πr[α, β]. Throughout this paper we need the following

conditions:

(C1) the functions g, Wi, τi, i = 1, 2, . . . , p, are continuous with respect to their variables and contin-

uously differentiable with respect to x, u, and v;

(C2) the matrix K(t, s) : [α, β]× [α, β] → Rn ×Rn is square integrable;

(C3) the columns of the matrices A(t) and Mi(t), i = 1, 2, . . . , p, are in Ln
2 [α, β];

(C4) {f, J} ∈ Πn[α, β];

(C5) det(I + Bj + Djj) 6= 0, det(I + Bj) 6= 0 for j = 1, 2, . . . , p.

Definition 2.1 Problem (1), (2), which we denote by Σµ(G), is said to be solvable for given bounded

set G = Ga × Gb ⊂ Rn × Rn if there exists a positive real number µ0, µ0 = µ0(G), such that for all

arbitrary a, b ∈ Ga × Gb and µ < µ0 there is a control {u, v} ∈ Πm for which system (1) admits a

solution x(t) satisfying (2).

Let s be a positive real number, and let Ts be the subset of elements (x, u, v) satisfying the

inequality |x|+ |u|+ |v| ≤ s, where | · | is the Euclidean norm in Rn.
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For fixed positive real number µ1, we define

Gs = {(x, u, v, t, i, µ) : (x, u, v) ∈ Ts, α ≤ t ≤ β, i = 1, 2, . . . , p, 0 < µ ≤ µ1}.

Let a positive real number H be fixed and

m1 = max
{

sup
t
|A(t)|, sup

t
|C(t)|, sup

t,s
|K(t, s)|, sup

i,t
|Mi(t)|, max

i
|Bi|,max

ij
|Dij |

}
,

m2 = max
{

sup
t
|f(t)|, max

i
|Ji|

}
,

m3 = max
{

max
(t,x,u,µ)∈GH

|g|, max
(x,v,µ,i)∈GH

|Wi|, max
(x,µ,i)∈GH

|τi|
}

.

It is not very difficult to observe in view of (C1) that there is a positive real number L such that

|g(t, x1, u1, v
1, µ)− g(t, x2, u2, v

2, µ)| ≤ L
{|x1 − x2|+ |u1 − u2|+ |v1 − v2|} ,

|Wi(x1, v
1, µ)−Wi(x2, v

2, µ)| ≤ L
{|x1 − x2|+ |v1 − v2|} ,

|τi(x1, µ)− τi(x2, µ)| ≤ L |x1 − x2|.

uniformly for all t, x1, x2, u1, u2, v
1, v2 in GH ,

Definition 2.2 If for h > 0 there exists a positive real number µ0, µ0 = µ0(h), such that if µ < µ0

then for every given subset G = {(a, b)||a| < h, |b| < h} ⊂ Rn × Rn the problem Σµ(G) is solvable,

then we say that the problem Σµ(G) is solvable.

Lemma 1 Let Dij, i, j = 1, 2, . . . , p, be constant matrices of size n× n and {ξi} ∈ Dn[1, p]. Then

∑

i:α<θi<t

∑

j:α<θj≤θi

Dijξj =
∑

i:α<θi<t

∑

i:θi≤θj<t

Djiξi for each t ∈ [α, β].

Lemma 2 Let K(t, s) be a matrix of size n × n. If K(t, s) is square integrable with respect to s on

[α, β] for each fixed t ∈ [α, β], and φi(t) ∈ Ln
2 [α, β] for i = 1, 2, . . . , n, then

∫ t

α

K(t, s)
∑

i:α<θi<s

φi(s) ds =
∑

i:α<θi<t

∫ t

θi

K(t, s)φi(s) ds for each t ∈ [α, β]. (3)

Let us consider an integral equation

x(t) =
∫ t

α

G(t, s)x(s)ds +
∑

i:α<θi<t

Si(t)x(θi) +
∑

i:α<θi<t

Ni(t)x(θi+) +
∑

i:α<θi<t

Ji + f(t), (4)

under the following conditions:
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(H1) the matrix G(t, s) : [α, β]× [α, β] → Rn × Rn is square integrable;

(H2) the columns of matrices Si(t) and Ni(t) and the function f(t) belong to PAC[α, β];

(H3) det(I −Ni(θi+) + Ni(θi)) 6= 0 for i = 1, 2, . . . , p.

Theorem 1 Let conditions (H1), (H2), and (H3) hold. Then system (4) has a unique solution

x(t) ∈ PAC[α, β] which can be represented as

x(t) =
∫ t

α

P1(t, s)f(s) ds +
∑

i:α<θi<t

Qi(t)Ji +
∑

i:α<θi<t

P i
2(t)f(θi) + f(t) +

∑

i:α<θi<t

Ji,

where Qi(t), P i
2(t), i = 1, 2, . . . , p, and P1(t, s) are certain piecewise continuous function matrices of

size n× n.

3 Existence of solutions of integrodifferential equations

We may now state and prove a theorem on existence and uniqueness of solutions of the impulsive

system of integrodifferential equations of the form

dx/dt = A(t)x +
∫ t

α

K(t, s)x(s)ds + f(t), t 6= θi,

∆x(θi) = Bix(θi) +
∑

j:α<θj≤θi

Dijx(θj) +
∫ θi

α

Si(s)x(s) ds + Ji. (5)

Theorem 2 Let conditions (C2), (C3), and (C4) be satisfied. Then for a given x0 ∈ Rn there exists

unique solution x(t) ∈ PAC[α, β] of (5) which satisfies x(α) = x0.

∂λ(t, s)/∂s = −λ(t, s)A(s)−
∫ t

s

λ(t, σ)K(σ, s)dσ −
∑

j:s≤θj<t

λ(t, θj)Mi(s), s 6= θi, t ∈ [α, β],

∆λ(t, θi) = −λ(t, θi)Bi(I + Bi)−1 −
∑

j:θi≤θj<t

λ(t, θj+)Dji(I + Bi)−1. (6)

where λ ∈ Rn is row vector, A, K, Dij , Mi and Bi are as before, and ∆λ(t, θi) := λ(t, θi+)− λ(t, θi).

Theorem 3 Let conditions (C2) - (C5) hold. Then for a given λ0 ∈ Rn the system (6) has a unique

solution λ(t, s) such that λ(t, t) = λ0.

Now for every i = 1, . . . , n, denote λi(t, s) be the unique solution of (6) such that if Λ(t, s) =

col(λ1, λ2, λ3, . . . , λn), then Λ(t, t) = I.

5



Theorem 4 Let x(t) = x(t, α, x0) be a solution of the Cauchy problem for (5). Then x(t) has the

representation

x(t) = Λ(t, α)x0 +
∫ t

α

Λ(t, s)f(s)ds +
∑

i:α<θi<t

Λ(t, θj+)Ji. (7)

4 Comparison method for integro differential impulsive sys-
tem

To investigate problem Σµ(Gh) (Definition 2.1) we shall use a comparison method [1]. For this purpose,

we need to construct an integrodifferential equation with fixed moments of impulse actions which is

associated with (1). We propose

dy/dt = A(t)y +
∫ t

α

K(t, s)y(s)ds + C(t)u + f(t) + µg(t, y, u, µ) +
∑

i:α<θi<t

Fi(t, y, u, µ), t 6= θi,

∆y(θi) = Biy(θi) +
∑

j:α<θj<θi

Dijy(θj) + Qivi + Ji + Si(y, u, vi, µ), (8)

where Fi and Si are some functionals to be determined. Without any loss of generality we may assume

that τi ≥ 0 in GH .

Definition 4.1 The systems (1) and (8) are said to have B-property in GH , if for a fixed positive

real number h < H and a sufficiently small µ the following conditions are fulfilled:

Given any solution x(t) of (1), |x(t)| < h, t ∈ [α, β], x(t) meets every surface of discontinuity once,

then there is a solution y(t) of (8), |y(t)| < H, such that x(t) = y(t) for all t ∈ [α, β] except possibly at

points t ∈ [θi, ζi], i = 1, 2, . . . , p. Conversely, given any solution y(t) of (8), |y(t)| < h, t ∈ [α, β], if a

solution x(t) of (1), x(α) = a, |x(t)| < H, intersects every surface of discontinuity once, the condition

x(t) = y(t) holds for all t ∈ [α, β] except possibly at points t ∈ [θi, ζi], i = 1, 2, . . . , p.

5 Controllability of impulsive integrodifferential equations

We first consider the controllability problem for (8), (2). This problem is denoted by γµ(GH). Define

Ψ(t) =
∫ t

α

E(s)ET (s)ds +
∑

i:α<θi<t

PiP
T
i , (9)

where E(t) = Λ(β, t)C(t) and Pi = Λ(β, θi+)Qi.

Lemma 3 Let (C1)–(C5) be satisfied. If Ψ(β) be nonsingular, γµ(GH) is a solvable problem.
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We shall need the following condition:

(C6) The inequality

τi(y0(θi), 0) > τi(y0(θi+), 0), (10)

is valid for all {a, b} ∈ Gh ×Gh, where Gh is the closure of Gh, i = 1, 2, . . . , p.

Theorem 5 Let (C1)–(C6) be satisfied. If Ψ(β) is nonsingular, then Σµ(Gh) is solvable.

6 Optimal control of response

In this section, we consider the particular case of the equation (1)

dx/dt = A(t)x + C(t)u(t) + f(t), t 6= θi,

∆x(θi) = Bix(θi) + Qivi + Ji, i = 1, 2, . . . , p, (11)

x(0) = a, x(β) = b, (12)

where A and C are defined for any time t ≥ 0, Bi and Qi are bounded sequences, and the time β > 0

is arbitrary. Before than to consider main problem of the section let us to investigate controllability

of the problem for a fixed positive number β ∈ Rn. We say that the control problem A(β) is solvable

if, for any f, {Ji} ∈ Πm[0, β] and any a, b ∈ Rn, there exists {u, v} ∈ Πm[0, β] for which the boundary

value problem (11), (12) has a solution.

Lemma 4 Let F, {Vi} ∈ Πm[0, β]. Then the boundary value problem

dx/dt = A(t)x + F (t), t 6= θi, i = 1, 2, . . . , p,

∆x(θi) = Bix(θi) + Vi, (13)

x(0) = 0, x(β) = 0, (14)

is solvable if and only if, for any solution y(t) of the system

dy/dt = −AT (t)y, t 6= θi, i = 1, 2, . . . , p,

∆y(θi) = −(I + BT
i )−1BT

i y(θi), (15)

the following relation holds:

〈{F, Vi}, {y, y(θi)}
〉

= 0. (16)

7



Let Y (t)(y1, y2, . . . , yn), be a fundemental matrix of solutions of adjoint system (15).

Theorem 6 The control problem A(β) is solvable if and only if

∫ β

0

Y T (t)
[
C(t)u(t) + f(t)

]
dt +

∑

i:0<θi<β

Y T (θi)
[
Qivi + Ji

]
= Y T (β)b− Y T (0)a. (17)

Let us fix a positive number β and define the space-product Πm[0, β] = Lm
2 [0, β]×Dm[1, p] for which

θi, i = 1, p, are points of discontinuity of functions from Lm
2 [0, β], which form the ordered sequence in

the interval (0, β).

We assume that the control {u, v} can be chosen only from the set ∆×∆′ ⊂ Πm[α, β] which is bounded

in the norm || · ||[[0,β]. The problem of fast response is by using a given element {f, J} belonging to

the space Πm[α, β] for any β > 0, to find the control {u, v} that solves the problem in minimal time:

(OCR)
{

minimize β
subject to (11) and (12). (18)

We say that a control {u, v} with a vector c = c0 in the domain ∆ × ∆′ satisfies the Pontryagin

condition [16] if this control provides in the domain the maximum of the expression cT
0 Y T (t)C(t)u(t)

for almost all t ∈ [0, β], and the maximum of the expression cT
0 Y T (θi)Qivi, i = 1, p.

Theorem 7 Let the control {u, v} solves the problem of control (11), (12) for the time β > 0, let

it satisfy the Pontryagin condition for some vector c = c0 in the domain ∆ × ∆′ . Suppose that

the expression cT
0 Y T (t)[C(t)u(t) + f(t) + A(t)]b is positive for almost all t ∈ [0, β] and the numbers

cT
0 Y T (θi)[Qivi + Ji + Bi(I + Bi)−1)b], i = 1, p, are positive. Then, the control {u, v} and trajectory

x(t) corresponding to it are optimal for (OCR), i.e., in the sense of fast response.

Theorem 8 Suppose that the conditions of the Theorem 7 are satisfied, and x(t) is the optimal

trajectory connecting points x(0) = a and x(β) = b. Then, any part of this trajectory which connects

points x(t1) and x(t2), 0 ≤ t1 ≤ t2 ≤ β, is also an optimal trajectory.
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