
M
o
n
o
to

n
ic

A
n
a
ly

sis
w

ith
A

p
p
lic

a
tio

n
s

to
O

p
tim

iz
a
tio

n

A
.
M

.
R

u
b
in

o
v

S
ch

oo
l
o
f
In

fo
rm

a
tio

n
T
ech

n
o
logy

a
n
d

M
a
th

em
a
tica

l
S
cien

ces
a
n
d

C
en

tre
fo

r
In

fo
rm

a
tics

a
n
d

A
p
p
lied

O
p
tim

iza
tio

n
,

U
n
iversity

o
f
B
a
lla

ra
t

1



E
xam

in
ation

of
m
any

p
rob

lem
s
arisin

g
in

op
tim

isation
an

d
related

top
ics

can
b
e
su
ccessfu

lly
accom

p
lish

ed
ifth

ese
p
rob

lem
s
en

joy
a
convex

stru
ctu

re.
C
onvexity

is,
h
ow

ever,
a
restrictive

hyp
oth

esis
so

th
e
qu

es-

tion
arises:

is
it

p
ossib

le
to

su
b
stitu

te
convexity

for
an

oth
er

stru
ctu

re

at
least

for
som

e
b
road

classes
of

n
on

-convex
p
rob

lem
s.

M
on

oton
icity

is
on

e
of

th
ese

stru
ctu

res.
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M
on

oton
ic

an
alysis

is
a
th
eory

of
m
on

oton
icity

th
at

is
b
ased

on
su
ch

n
otion

s
of

convex
(an

d
ab

stract
convex)

an
alysis

as
su
b
d
iff
erentials,

F
en
ch
el-M

oreau
con

ju
gacy,

p
olarity.

M
a
n
y

L
ip

sch
itz

p
ro

blem
s

ca
n

be
co

n
verted

to
p
ro

blem
s

w
ith

m
o
n
o
to

n
ic

d
a
ta,

so
convex

p
rob

lem
s

are
m
u
ch

sim
p
ler

th
an

m
on

oton
ic

p
rob

lem
s.

H
ow

ever
som

e
th
eoreti-

cal
sch

em
es

of
convex

d
u
ality

an
d
som

e
nu

m
erical

sch
em

es
of

convex

p
rogram

m
in
g
can

b
e
su
ccessfu

lly
ap

p
lied

also
in

m
on

oton
ic

settin
g.
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A
b
str

a
c
t

c
o
n
v
e
x
ity

L
et

H
b
e
a
set

of
fu
n
ction

s
d
efin

ed
on

a
set

X
.

F
or

a
fu
n
ction

f
:
X
→

R
+
∞
≡

R
∪
{+
∞
}
con

sid
er

th
e
set

of
all

H
-m

in
orants

of
f

(th
e
su
p
p
ort

set
of
f
w
.r.t

H
):

su
p
p
(f
,H

)
=
{h
∈
H

:
h
≤
f
},

w
h
ere

h
≤
f
m
ean

s
th
at
h
(x
)
≤
f
(x
)
for

all
x
∈
X
.

4



1
.

A
fu
n
ction

f
:
X
→

R
+
∞

is
called

H
-convex

(ab
stract

convex

w
.r.t.

H
)
if
f
(x
)
=

su
p
{h

(x
)
:
h
∈

su
p
p
(f
,H

)},
∀
x
∈
X
.

2
.
T
h
e
H
-su

b
d
iff
erential

of
a
H
-convex

f
at

a
p
oint

y
is

∂
H
f
(y
)
=
{l
∈
L

:
f
(x
)
≥
l(x

)
+

(f
(y
)
−
l(y

))
∀
x
∈
X
}.

3
.

A
n
on

em
p
ty

set
U
⊂

X
is

called
ab

stract
convex

w
.r.t.

H
(or

H
-convex)

if
for

each
x
∈
X
\
U

th
ere

exists
h
∈
H

su
ch

th
at
h
(x
)
>

su
p
u
∈
U
h
(u
).
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M
on

oton
ic

an
alysis

is
a
b
ran

ch
of

ab
stract

convexity,
w
h
ere

sp
ecial

sets
of

elem
entary

fu
n
ction

s
H

are
u
sed

th
at

lead
to

som
e
classes

of

m
on

oton
e
fu
n
ction

s
an

d
corresp

on
d
in
g
sets.

I
con

sid
er

on
ly

th
e
sim

-

p
lest

situ
ation

(X
=

R
n+
)
an

d
on

ly
on

e
of

th
e
classes

of
elem

entary

fu
n
ction

s
(m

u
ltip

licative
m
in
-typ

e
fu
n
ction

s).
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L
et
X

=
R
n+
.
F
or

each
l
∈

R
n
con

sid
er

th
e
fu
n
ction

l(x
)
=
〈l,x

〉
:=

m
in

i:li >
0
li x

i .

L
et
L

b
e
th
e
set

of
all

su
ch

fu
n
ction

s.

T
h
e
fu
n
ction

p
:R

n+
→

R
+
∞

is
L
-convex

⇐
⇒

p
is
IP

H
(in

creasin
g:

x
≥
y

=
⇒

p(x
)
≥
p(y

)
an

d
p
ositively

h
om

ogen
eou

s:
p(λ

x
)
=
λ
p(x

)

for
λ
>

0.

7



IP
H
fu
n
ction

s
are

m
on

oton
e
an

alogu
es

ofsu
b
lin

ear
(convex

P
H
)
fu
n
c-

tion
s

E
x
a
m

p
le

s
o
f
IP

H
fu

n
c
tio

n
s

p(x
)
=
∑

i li x
i ,

p(x
)
=

m
ax
i li x

i ,
p(x

)
=

m
in
i li x

i ,
(l
≥

0).

p(x
)
=

(
∑

i x
ki ) 1/k,

k
>

0

p(x
)
=
∏

i x
α

i
i
,

α
i
≥

0,
∑

i α
i
=

1
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L
et
p
b
e
IP

H
.
P
olar

fu
n
ction

p
◦(l)

=
m
ax
x
:p(x

)>
0 〈l,x

〉/p(x
)
=

m
ax
x
:p(x

)=
1 〈l,x

〉.

T
h
e
o
r
e
m

:
p
◦(l)

=
1

p(1/l)
w
h
ere

(1/l)i
=

1li
if

li
>

0,
(1/l)i

=
0

if
li
=

0.

L
et
p(y

)
>

0.
T
h
e
su
b
d
iff
erential

∂
L
p(y

)
of

an
IP

H
fu
n
ction

p
at

y

contain
s
th
e
vector

p(y
)/y

.
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A
set

U
⊂

R
n+

is
called

n
orm

al
if
u
∈
U
,
0
≤
v
≤
u

=
⇒

v
∈
U
.
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A
set

U
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L
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an

d
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if
U
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d
n
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T
h
e
su
p
p
ort

setsu
p
p
(p,L

)
=
{l

:
〈l,x

〉
≤
p(x

)
∀
x
}

of
an

IP
H

fu
n
ction

p
is
n
orm

al.
T
h
e
level

set

S
(p)

=
{x

:
p(x

)
≤

1}

is
also

n
orm

al.
W
e
h
ave

S
(p)

=
su
p
p
(p

◦,L
).

1
1



L
et
g
:R

n+
→

R
+
∞

b
e
an

u
sc

d
ecreasin

g
fu
n
ction

.
T
h
en

hyp
+
g
=
{(x

,λ
)
:
p(x

)
≥
λ
≥

0}

is
a
closed

n
orm

al
su
b
set

ofR
n
+
1.
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Z
ZZ
X
X
XX

a
a
a
aa
AAAh

h
h
h
h
hh
a
a
a
h
h
h
h
hh

g
(x
)

L
et
p
b
e
an

IP
H

fu
n
ction

su
ch

th
at

su
p
p
(p,L

)
=

hyp
+
g
.
W
e
can

u
se

b
oth

p
an

d
p
◦
in

th
e
stu

d
y
of
g
.1
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A
p
p
lic

a
tio

n
s

M
on

oton
ic

an
alysis

h
as

m
any

ap
p
lication

s
to

op
tim

ization
,
stab

ility

of
in
equ

ality
system

s,
b
est

ap
p
roxim

ation
,
in
equ

alities
of

H
ad

am
ard

typ
e
etc.

W
e
con

sid
er

on
ly

ap
p
lication

s
to

op
tim

ization
.

1
.

O
p
tim

iz
a
tio

n
th

e
o
r
y

L
et
f

:R
n
→

R̄
an

d
g
:R

n
→

R
m
.

C
on

sid
er

p
rob

lem
(P

):

m
in
im

ize
f
(x
)

su
b
ject

to
g
(x
)
≤

0.
1
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T
h
e
p
ertu

rb
ation

(valu
e)

fu
n
ction

of
th
is
p
rob

lem
is:

β
(y
)
=

in
f{f

(x
)
:
g
(x
)
≤
y
}.

β
is

d
ecreasin

g
an

d
β
(0)

is
th
e
op

tim
al

valu
e
of

(P
).

T
h
e
b
eh

avior
of

β
n
ear

zero
is
im

p
ortant

for
th
e
th
eoretical

exam
in
ation

of
(P

).

T
h
e
m
ain

p
rop

erties
of

L
agran

ge
an

d
p
en
alty

fu
n
ction

s
an

d
its

gen
-

eralization
s
can

b
e
exp

ressed
in

term
s
of
β
.
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A
ssu

m
e
th
at
f
(x
)
≥

0
an

d
β
as

u
sc.

T
h
en

hyp
+
β
is
a
closed

n
orm

al

set
w
h
ich

is
th
e
level

set
of

an
IP

H
fu
n
ction

.
W
e
can

u
se

th
e
th
eory

of

IP
H

fu
n
ction

s
in

th
e
stu

d
y
of

p
ertu

rb
ation

fu
n
ction

s.

L
et
p
b
e
an

IP
H

fu
n
ction

d
efin

ed
on

R
+
×

R
m+
.
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T
h
e
fu
n
ction

L
+
(x
,λ

)
=
p(f

(x
),λ

1 g
+1
(x
),...,λ

m
g
+m
(x
)),

x
∈

R
n
,λ
∈

R
m+

is
called

a
p
en
alty

typ
e
fu
n
ction

gen
erated

by
p.

(H
ere

g
+i
(x
)

=

m
ax(g

i (x
),0).)
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C
on

sid
er

fu
n
ction

L
+c
(x
,λ

)
=

(f
(x
)
+
c) k

+
λ

m∑i=
1

g
+i
(x
).

T
h
en

λ
→

0
as
c
→

+
∞

.
W
e
can

fin
d
n
ot

very
large

valu
es

of
of

b
oth

c
an

d
λ
th
at

are
good

for
u
n
con

strain
ed

m
in
im

ization
ofL

+c
.
F
u
n
ction

s

L
+c

can
b
e
u
sed

for
th
e
m
in
im

ization
of

con
cave

fu
n
ction

s
su
b
ject

to

lin
ear

con
straints.
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T
h
e
exam

in
ation

of
p
en
alty-typ

e
fu
n
ction

s
gen

erated
by

IP
H

fu
n
c-

tion
s
can

b
e
accom

p
lish

ed
by

m
ean

s
of

m
on

oton
ic

an
alysis.

(S
ee:

A
.
M
.
R
u
b
in
ov,

X
.Q

,
Y
an

g,

L
a
gra

n
ge-ty

pe
fu

n
ctio

n
s

in
co

n
stra

in
ed

n
o
n
co

n
vex

o
p
tim

iza
tio

n
,

K
luw

er,
2003)
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2
.

O
p
tim

iz
a
tio

n
:

N
u
m

e
r
ic

a
l
m

e
th

o
d
s

T
h
e
C
u
ttin

g
A
n
gle

M
eth

od
(C

A
M
)
h
as

b
een

d
evelop

ed
for

th
e
m
in
-

im
ization

of
IP

H
fu
n
ction

on
th
e
sim

p
lex.

T
h
is

is
a

m
o
n
o
to

n
ic

a
n
a
-

logu
e
of

th
e
cu
ttin

g
p
lan

e
m
eth

od
in

convex
op

tim
ization

.

T
h
e
m
ain

id
ea

b
eh
in
d
th
e
C
A
M

is
th
e
follow

in
g:

2
0



L
et
p
b
e
an

IP
H

fu
n
ction

.
L
et
x
1,...,x

k
∈

R
n+
+
an

d
l k
∈
∂
L
p(x

k).

L
et

p
k (x

)
=

m
ax
k 〈l k,x

〉
=

m
ax
k
m
in
i l ki x

i .

F
or

each
com

p
act

set
U
⊂

R
n+
+

it
is

p
ossib

le
to

fin
d
p
oints

x
k
su
ch

th
at

p
k
→

p
u
n
iform

ly
on

U
.
T
h
en

m
in
im

izers
of
p
k
converge

to
a

m
in
im

izer
of
p
as
k
→
∞

.

2
1



L
et
f
b
e
a
L
ip
sch

itz
fu
n
ction

d
efin

ed
on

th
e
u
n
it
sim

p
lex

S
n
=
{x
∈

R
n+
:
∑

i x
i
=

1}
an

d
let

g
c (x

)
=
‖x
‖
1

(

f

(

x

‖x
‖
1

)

+
c

)

,
x
∈

R
n+
\
{0}.

T
h
en

g
c (x

)
=
f
(x
)
+
c
for

x
∈
S
n
.

T
h
e
o
r
e
m

T
h
ere

exists
c
>

0
su
ch

th
at
g
c
is
IP

H
.

T
h
e
follow

in
g
L
ip
sch

itz
p
rogram

m
in
g
p
rob

lem
s
are

equ
ivalent:

m
in
f
(x
)

s.t.
x
∈
S
n
,

m
in
g
c (x

)
s.t.

x
∈
S
n
.

2
2



A
L
ip
sch

itz
p
rogram

m
in
g
p
rob

lem
:

m
in
f
(x
)

s.t.
x
∈
S

can
b
e
solved

by
C
A
M
.

O
bserva

tio
n
If
f
(x
)
is
far

en
ou

gh
from

th
e
glob

al
m
in
im

u
m

th
en

th
e

valu
e
of
f
can

b
e
red

u
ced

by
C
A
M

very
qu

ickly.
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A
com

b
in
ation

of
th
e
C
A
M

an
d
th
e
local

D
iscrete

G
rad

ient
m
eth

od

allow
s
on

e
to

fin
d
glob

al
m
in
im

izers
or

at
least

d
eep

local
m
in
im

izers

for
n
on

lin
ear

(in
p
articu

lar,
n
on

sm
ooth

)
L
ip
sch

itz
p
rob

lem
s.

T
h
e
m
ain

id
ea

of
th
is
com

b
in
ation

is
as

follow
s:
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