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The Problem

minimize /ttf Fola (1), u(t)) dt

subjectto #(t) = f(x(t),u(t)), uwel,
(o) =x9 and z(ty) =z .

(P)

e State z(t) € IR", control u(t) € IR™, and f is C'! vector
field.

e fo: IR" x IR™ — IR is C'!' and nonnegative, and final time
ts 1S free.
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Necessary conditions of optimality

The Hamiltonian:

H(z,¢,u) = folz,u) + @, f(z,u))

e 1)(t) € IR": costate (or adjoint) variable.
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If 2(-) and w(-) are optimal, then a nontrivial v (-) exists such
that, for every t € [to, t4],

r=0H/0Y = f(x,u) (1)
W= —0H/dz (2)
H(ZU)w)u) — Iqilzf{lH(aj)w)/U) (3)
H(x,¢y,u) =0 (4)

with x(tg) = xo and x(ts) = x ;. We call (1)-(4) the
optimality system.
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e We call the trajectory pair (x(-),%(-)) corresponding to
some wu(-) a critical trajectory if it solves the optimality
system.

e Note that a critical trajectory Is not necessarily optimal.
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Existing Solution Techniques

e Direct methods: Discretizes the problem, deals with the
resulting (large scale) finite optimization problem

e TPBVPs tackled by a combination of

— Multiple shooting
— Collocation methods
— Continuation (or homotopy) methods

We propose the leapfrog algorithm along the second line of
techniques, in particular as an alternative to multiple shooting.
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L eapfrog Algorithm

We first partition a given feasible trajectory:
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Subproblems

|_eapfrog relies on solution of subproblems (P;) through the
given partition:

minimize [ fo(2(t). u(t)) dt
(P) subject to :i;(zt_)lz f(x(t),u(t)), uwel,
r(ti—1) = 2zi-1 and  z(tit1) = ziv1

where t;_; Is fixed by solution of (P,;_;) forz > 1, and ¢, IS
free.
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L eapfrog Algorithm
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o We set

pP(t) = a®(), g <<,

Z JR—

where tgk) IS the time point when half the optimal cost Is
reached in Subproblem (P,).

o This generates a sequence
M, = {p¥ : [to, t;] — R": k > 0}
of piecewise-optimal trajectories.
o Along each consecutive trajectory MFJ@) the cost decreases.
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o However, to study convergence to a critical trajectory we
need to consider the trajectory pair

for each subproblem.

o Then we construct the sequence

M = {u® : [tg,tf]] — R*™: k > 0} .

o M will be shown to have a subsequence uniformly
convergent to a critical trajectory.
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Updatesin L eapfrog

o After solving each (P;) we update

O UY; 1= (ZZ,)\Z) — (x(tz)aw(tz)) y

o Note that y;, 2 = 1,...,q — 2, are updated by solving (P;)
and (P;+1) consequtively. Also note v, Is updated only by
solving (P,—1).
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L eapfrog Algorithm and Multiple Shooting

o Leapfrog updates only 2n variables (states and costates) at a
time. Multiple Shooting updates [(2q — 1)n] variables, with
g subdivisions.

o State trajectories generated by Leapfrog are feasible at every
step of the iteration. — Can be useful in real-time (or on-
line) Implementations.

o Leapfrog can achieve convergence to a critical trajectory,
under some general assumptions.
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Unigueness of controls and costates

Assumptions:

o There exists a (locally) unique optimal control from z;_; to

Zi+1-

o The costate vector Is determined uniquely by the control
u(t) and the initial point z;_; of the local optimal trajectory.

Two Immediate examples that verify these assumptions are the
problem of finding geodesics and minimum energy control of
LTI systems.
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L ocal cost function
Define the set
D = {(Zz'—h Zz’—H) cR" xIR": Zit1 € R(Zi_l, < 25)} :

The local cost function
7: D —1R

IS the minimum cost to get from z,_; to z;.;. Note that
T(2i—1, Zit1) < 20.
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Continuity of the local cost function

Reachability assumption:

Given ¢ > 0 and z;,z; € IR", _
there exists x > 0 such that, , Zie
if [|2; — %] < ~ then, given \
a locally optimal trajectory |

(with fixed end points) of cost Zi )
less than e/4 containing z; . //
there exists w In that trajectory T 7
reachable with cost less than

e/4 from z;.

Lemma 1. The local cost function 7 IS continuous.
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Midpoint maps and total cost

o Local optimal trajectory: .. ..., : [ti—1,tiy1] — IR”.

o Midpoint: Z; := ~,,_, . (B1), tic1 < i < ti1, Where
T(2i—1, 2i) = T(Zi—1, 2i+1) /2.
o Midpoint map: M : IR" x IR" — IR" such that
M(Zz’—la Zz’+1) — %i_l,ziﬂ(a') =7 .

o State-costate space: Let X C IR*™. Y is the set of all

Yy = (y07y17---7yq) EXQ_H)

with Y; = (ZZ', )\2)1 such that T(ZZ', Zi+1) < 9.
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o Midpoint iteration: G, : Y — X 9! such that

Gp(Y) = (Yos -+ Yp—1, Yps Yp+15 - - - Yg)
where 7, = (3, \,).
o Composite Iteration: F': Y — Y such that

F=G,10G;20---0G].
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o Total cost: o : Z — IR such that

q

a(z) = ZT(Zi_l, 2i)

1=1
where z = (29, 21, ..., 24) € Z.

o Extended optimal cost: 7(zp, z,) IS the minimum cost to get
from z to z,.
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Lemma 2.

(@) Gyply) €Y.

(b) a(m o Gp(y)) < a(2) .

(€) a(mio F(y)) < a(z) .
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Compactness of the state-costate set

Define for » > 0

Cl(xo,7) := {(2(t),¥(t)) € R™ : t € [ty, t1], T(xo, z(t)) < 7} .

Boundedness assumption:

Let oy be the cost along the initial feasible trajectory. Then
C'(zg, ag) 1S bounded.
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(b) Y 1s compact.

(c) a(z®)) = al>®) € [F(2, 2,), q0] .
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Extreme points and L eapfrog splicing

o y; = (%, \;) IS between y;_1, y;41, If z; lies in the image of
72i—172i+1(°)-

oy € Y Is extreme when y; Is between y;_1, ;.1 forall 1 <
1 < q.

o Let ui(-) = (v2,_,.2(),¥(:)). Then we write
Hy = 1= H2 ="~ Hq .
Lemmad. If y € Y Is extreme, then w,, IS a critical trajectory.
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Lemmad. If y € Y Is extreme, then p,, IS a critical trajectory.

Lemma 5.
(a) If F(y) = y then y is extreme.

(b) y 1s extreme if and only If pp(,) = py .

Lemma 6. F(y(>®)) = y(>),
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Convergencetoacritical trajectory

Theorem 1. p1 () I @ critical trajectory.

Corollary 1. pp( )y = p,); thereby convergence to a
critical trajectory 41, () IS ensured.
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