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NLP Problem with Mixed Constraints

f(x) −→ min, H(x) = 0, G(x) ≤ 0, (1)

with x ∈ Rn, f : Rn → R; H : Rn → Rs, G : Rn → Rt;

H(x) = [h1(x), ..., hs(x)]T ; G(x) = [g1(x), ..., gt(x)]T .

Admissible set:

S = {x : H(x) = 0, G(x) ≤ 0}
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Let x̂ ∈ S.

Definition. The inequality constraint

gj(x) ≤ 0, j ∈ J = {1, 2, . . . , t}

is called active in x̂ if gj(x̂) = 0
and passive in x̂ if gj(x̂) < 0.

JA(x̂) = {j ∈ J : gj(x̂) = 0} – index set of active constraints.
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Optimality Conditions

Lagrange function:

L(x, λ0, λ, µ) = λ0f(x) +
s∑

i=1

λihi(x) +
t∑

j=1

µjgj(x),

where (λ0, λ, µ) ∈ Rs+t+1, λ0 ≥ 0, µ ≥ 0.



6

First Order Necessary Optimality
Conditions



6

First Order Necessary Optimality
Conditions

Let x̂ be a minimizer in (1).



6

First Order Necessary Optimality
Conditions

Let x̂ be a minimizer in (1). Then there exists Lagrange multiplier’s

vector



6

First Order Necessary Optimality
Conditions

Let x̂ be a minimizer in (1). Then there exists Lagrange multiplier’s

vector (λ̂0, λ̂, µ̂) 6= 0 ∈ Rs+t+1 :



6

First Order Necessary Optimality
Conditions

Let x̂ be a minimizer in (1). Then there exists Lagrange multiplier’s

vector (λ̂0, λ̂, µ̂) 6= 0 ∈ Rs+t+1 :

λ̂0 ≥ 0, λ̂ ∈ Rs, µ̂ ∈ Rt, µ̂ ≥ 0,



6

First Order Necessary Optimality
Conditions

Let x̂ be a minimizer in (1). Then there exists Lagrange multiplier’s

vector (λ̂0, λ̂, µ̂) 6= 0 ∈ Rs+t+1 :

λ̂0 ≥ 0, λ̂ ∈ Rs, µ̂ ∈ Rt, µ̂ ≥ 0,

such that the next conditions are satisfied:
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a) stationarity condition :

∇xL(x̂, λ̂0, λ̂, µ̂) = 0;

b) complementary slackness condition:

µ̂jgj(x̂) = 0, j ∈ J.

If in addition x̂ is the regular point of the active constraints,
then λ̂0 6= 0*.
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Let x̂ ∈ S be non-regular point. Then λ̂0 can vanish.

Suppose λ̂0 = 0 ⇒ ∃ Lagrange multiplier’s vector (λ̂, µ̂) 6= 0
such that:

s∑
i=1

λ̂i∇hi(x̂) +
∑
j∈JA

µ̂j∇gj(x̂) = 0,

µ̂jgj(x̂) = 0,

⇒ x̂ is not regular.
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Definition.

Suppose x̂ is the extremal point in (1), (λ̂0, λ̂, µ̂) – vector of

Lagrange multipliers corresponding to x̂ .

If λ̂0 > 0, then x̂ is normal extremum.

If λ̂0 = 0, then x̂ is abnormal extremum.

Note.

x̂ extremum ! Λ(x̂) – the set of Lagrange multipliers

correspondent to x̂.
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Second Order Necessary Optimality
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Consider problem (1) with f, hi, gj ∈ C(2)(Rn).

If x̂ is a local minimizer in (1) and if x̂ is a regular point of active

constraints, then there exists

(λ̂0, λ̂, µ̂) ∈ Rs+t+1\{0}, λ̂0 ≥ 0, µ̂ ≥ 0

such that :



11

Second Order Necessary Optimality
Conditions

1o) the Lagrange multipliers rule is satisfied;



11

Second Order Necessary Optimality
Conditions

1o) the Lagrange multipliers rule is satisfied;

2o) the matrix ∇2
xxL(x̂, λ̂0, λ̂, µ̂)



11

Second Order Necessary Optimality
Conditions

1o) the Lagrange multipliers rule is satisfied;

2o) the matrix ∇2
xxL(x̂, λ̂0, λ̂, µ̂) is positive semidefinite in M :



11

Second Order Necessary Optimality
Conditions

1o) the Lagrange multipliers rule is satisfied;

2o) the matrix ∇2
xxL(x̂, λ̂0, λ̂, µ̂) is positive semidefinite in M :

M = {ξ : ∇H(x̂)[ξ] = 0,∇GJA
(x̂)[ξ] = 0}.
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Second Order Sufficient Optimality
Conditions

Consider problem (1) with f, hi, gj ∈ C(2)(Rn).

Let x̂ ∈ S.

If there exists (λ̂0, λ̂, µ̂) ∈ Rs+t+1\{0}, with λ̂0 > 0, µ̂ ≥ 0 such

that:
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Second Order Sufficient Optimality
Conditions

1o) Lagrange multipliers rule is satisfied;

2o) ∇2
xxL(x̂, λ̂0, λ̂, µ̂) is positive defined in subspace M :

M = {ξ : ∇H(x̂)[ξ] = 0,∇GJAN
(x̂)[ξ] = 0},

JAN = {j : gj(x̂) = 0, µj > 0}
then x̂ is local minimizer in (1).
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Sufficient conditions of normal and
abnormal minimum

Theorem 1. (Sarychev A., Tchemisova T.)

Consider the problem (1) with f, hi, gj ∈ C2(Rn).
Let x̂ ∈ S. Suppose that there exists some vector

(λ̂0, λ̂, µ̂) ∈ Rs+t+1\{0}, λ̂0 ≥ 0, µ̂ ≥ 0

such that:
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Sufficient conditions of normal and
abnormal minimum

i) ∇xL(x̂, λ̂0, λ̂, µ̂) = 0;
ii) modified complementary slackness conditions

µ̂jgj(x̂) = 0; µ̂j > 0,∀j ∈ JA;

iii) Hessian ∇2
xxL(x̂, λ̂0, λ̂, µ̂) is positive definite in

M = {ξ : ∇H(x̂)ξ = 0,∇GJA
(x̂)ξ = 0}.
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Sufficient conditions of normal and
abnormal minimum

Then x̂ supplies a strict local minimum to the problem (1).

If, in addition, λ̂0 = 0, then this minimum is rigid,
(the point x̂ is isolated in the admissible set S).



18

Lagrange problem of Calculus of Variations



18

Lagrange problem of Calculus of Variations

∫ T

0

ϕ(x(t), u(t))dt −→ min,

ẋ = f(x, u),

x(0) = x0, x(T ) = x1.
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Proof of Theorem 1.

Assume: x̂ = 0, JA(x̂) = J

Normal case: classic result.

Abnormal case: λ̂0 = 0.

We have to prove that x̂ = 0 is isolated in S.
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x̂ = 0 is isolated in S ⇐

∃σ > 0, ∃ε > 0 such that ∀x ∈ Vε(0) :
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Proof of Theorem 1.

Proposition 1. Suppose that there exists δ > 0, ε > 0 such that

for each x ∈ Vε(0):

L(x) + max{‖ H(x) ‖, g1(x), ..., gt(x)} ≥ δ ‖ x ‖2, (3)

where L(x) = L(x, 0, λ̂, µ̂).

Then the inequality (2) is valid for some σ > 0.
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Lemma 1. For some a > 0, β > 0

L(x) ≥ max(0, a ‖ x00 ‖2 −β(‖ x01 ‖ + ‖ x1 ‖) ‖ x ‖). (4)

Lemma 2. For some c > 0, A > 0

‖ H(x) ‖≥ max(0, c ‖ x1 ‖ −A(‖ x01 ‖2 + ‖ x00 ‖2). (5)

Lemma 3. For some b > 0, ν > 0, ω > 0 there holds:

max{g1(x), g2(x), ..., gt(x)} ≥
≥ max{0, b ‖ x01 ‖ −ν ‖ x1 ‖ −ω ‖ x00 ‖2}. (6)
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(4), (5) and (6) ⇒

L(x) + max{‖ H(x) ‖, g1(x), ..., gt(x)} ≥
≥ max{0, a ‖ x00 ‖2 −β ‖ x ‖ (‖ x01 ‖ + ‖ x1 ‖)}
+max{0, c ‖ x1 ‖ −A(‖ x01 ‖2 + ‖ x00 ‖2), (7)

b ‖ x01 ‖ −ν ‖ x1 ‖ −ω ‖ x00 ‖2}.
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Let ε > 0.
For each x ∈ Vε(0) : we obtain estimations:

1o. c ‖ x1 ‖ −A(‖ x01 ‖2 + ‖ x00 ‖2) ≥

A

2
(‖ x00 ‖2 + ‖ x01 ‖2 + ‖ x1 ‖2);

2o. b ‖ x01 ‖ −ν ‖ x1 ‖ −ω ‖ x00 ‖2>

>
γ

4
(‖ x01 ‖2 + ‖ x00 ‖2 + ‖ x1 ‖2);
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3o. a ‖ x00 ‖2 −β ‖ x ‖ (‖ x01 ‖ + ‖ x1 ‖) >

> K(‖ x00 ‖2 + ‖ x1 ‖2 + ‖ x01 ‖2)

where γ > 0, K > 0.

Suppose: ε ≤ min{ c
2A, cb

4Aν , b
4γ}, x ∈ Vε(0).

Then inequality (3) is valid with δ = min{A
2 , γ

4 ,K} > 0.

Theorem 1 is proved.
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Definition.
The admissible solution x̂ ∈ Rn of problem (1) is called regular
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Definition.
The admissible solution x̂ ∈ Rn of problem (1) is called regular if

gradient vectors

∇hi(x̂), i = 1, s;∇gj(x̂), j ∈ JA(x̂)

are linearly independent in this point.

back
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x̂ é regular ⇔ Im

(
∇H(x̂)
∇GJA

(x̂)

)
= Rs+k, where k = |JA|

⇔
(

∇H(x̂)
∇GJA

(x̂)

)
is onto mapping.

back
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there exists α > 0 such that

∇2
xxL(x̂, λ̂0, λ̂, µ̂)(ξ, ξ) ≥ 2α ‖ ξ ‖2, ∀ξ ∈ M. (8)

back


