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/ 1. Introduction \

Let us consider the simple graph
G=(V,E)

of order n, where V =V (G) is the set of nodes and F = E(G) is
the set of edges.

A¢g will denote the adjacency matrix of the graph G and Ap,in(Ag)
the minimum eigenvalue of Aq.

It is well known that if G has at least one edge, then

Amin(Ag) < —1. Actually

e \nin(Ag) =0 iff G has no edges,

e \in(Ag) = —1 iff G has at least one edge and every
component complete,

\o Amin(Ag) < —+/2 otherwise. /
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1. Introduction(cont.) \
graph G is (Hy,- -, Hy)-free if G contains no copy of the graphs

Hy,..., H;, as induced subgraphs.

e In particular, GG is H-free if G has no copy of H as an induced
subgraph.

o A claw-free graph is a K 3-free graph.

Let us define the quadratic programming problem (Pg(7)):

1
v (1) = max{2¢'x — 2! (= Ag + I,)x : 2 > 0},
T

with 7 > 0.

x*(7) is an optimal solution for (Pg(7)) then

0<z*(1) <1




/ 1. Introduction(cont.)

V7 >0 1 <wvg(r) <n.

The function vg :]0, 00— [1,n]| has the following properties:
B V7T >0 aG) <vg(n).
B0<7n <m=vg(n) <vg(m).
B v (1) = a(G).
B If 7* > 0, then the following are equivalent.
— 37 €]0, 7*[ such that vg(T) = va(T*);
— va(t") = a(G);
— V7 €]0,7*[ x*(7) is not spurious;
— V71 €]0,7*] vg(7) = a(G).
\I VU CV(G) V1T >0 va_uy(T) <vg(1).
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/ 1. Introduction(cont.) \

Figure 1: A graph G with \,;n(Ag) = —2 and vg(2) =

\O&(G) = 4. /




1. Introduction(cont.)
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Figure 2: Function vg(7), where G is the above graph.
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2. The class of O-graphs.

e The graphs G such that vg(—Amin(Ag)) = a(G) are called
graphs with convex-QP stability number

where ()P means quadratic program.

e The class of these graphs will be denoted by ©Q and its elements
called O-graphs.

e Since the components of the optimal solutions of (Pg(7)) are
between 0 and 1, then vg(7) = a(G) if and only if (Pg(7)) has

an integer optimal solution.

Theorem 2.1 [Luz, 1995] If G has at least one edge then G € Q if

and only if, for a maximum stable set S (and then for all),

—Amin(Ag) < min{|Ng (i) N S| :i & S}. (1)
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2. The class of Q-graphs (cont.)

There exists an infinite number of graphs with convex-() P stability

number.

Theorem 2.2 /Cardoso, 2001] A connected graph with at least one
edge, which is nor a star neither a triangle, has a perfect matching

of and only if its line graph has convex-QQP stability number.
As immediate consequence, we have the following corollary.

Corollary 2.1 /Cardoso, 2001] If G is a connected graph with an
even number of edges then L(L(G)) has convex-QP stability
number.
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2. The class of O-graphs (cont.)

There are several famous Q-graphs.

B The Petersen graph P, where \,;n(Ap) = —2 and
Oé(P) = ’UP(Q) = 4.

B The Hoffman-Singleton graph HS, where A,,;n(Ags) = —3 and
a(HS) =vgs(3) = 15.

B If the fourth graph of Moore M, there exists with
a(My) = 400, as it is expected, then it is a Q-graph.

B Additionally, taking into account (1), graphs defined by the
disjoint union of complete subgraphs and complete bipartite
graphs, are trivial examples of Q-graphs.

- /
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/ 2. The class of Q-graphs (cont.) \

Additional examples of Q-graphs

Figure 3: Graph G such that \,,;,(Ag) = —2 and vg(2)

Q: a(G). :/
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2. The class of O-graphs (cont.)
® ®

Figure 4: Graph G such that A,,;,(Ag) = —3 and vg(3)
12 = a(G).
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2. The class of O-graphs (cont.)

A graph belongs to Q if and only if each of its components
belongs to Q.

Every graph G has a subgraph H € Q such that a(G) = a(H).
If G € Q and U C V(G) such that
a(G) =a(G-U)
then G — U € Q.
If dv € V(G) such that

va (T) i maX{UG—{v}(T)7 VG —Ng(v) (7_)}7

with 7 = —\in(Ag), then G € Q.
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/ 2. The class of Q-graphs (cont.)

B Consider that Jv € V(G) such that vg_ (1 (T) # Va—Ng ) (T)
and 7 = —\nin(Ag).

L. If vg(T) = vg_{u1 (T) then
GeQiff G —{v} e Q.
2. If vg(T) = Vg_Ng(v)(T) then
G e Qifft G- Ng(v) € Q.

B Assuming that 71 = —Apin(Ag) > —Amin(Ag_v) = T2, with
U C V(G). Then

’Ug(Tl) — ”UG_U(TQ) = G & Q,
va(T1) >va_v(e) = GE€QorlUNS #I(,

\ where S is a maximum stable set of .

~
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3. Adverse graphs and (k, 7)-regular sets.

B Using the above results, we may recognize if a graph G is (or
not) a Q-graph, unless an induced subgraph H = G — U (where
U C V(G) can be empty) is obtained, such that

T = Amin(Ac) = Anin(4n), (2)

(T) = vp(7), (3)

Yo € V(H) min(Am) = Amin (Al No()), (4)
Vv € V(H) ( ) = VH— NG () (T)- (5)

B A subgraph H of G without isolated vertices, for which the
conditions (2)-(5) are fulfilled is called adverse.

- /
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/ 3. Adverse graphs and (k, 7)-regular sets (cont.)\

Figure 5: Adverse graph G, with \,.(Ag) = —2 and
va(2) = a(G) = 5.

B Based in the above results, a procedure which recognizes if a
graph G is (or not) in Q or determines an adverse subgraph
can be implemented.

B A subset of vertices S C V(G) is (k, 7)-regular if induces in G a
\ k-regular subgraph and |[Ng(v)N S| =7Vv & S. /
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3. Adverse graphs and (k, 7)-regular sets (cont.)

e The Petersen graph includes the (0, 2)-regular set
S ={1,2,3,4} and the (2,1)-regular sets Ty = {1,2,5,7,8} and
T, = {3,4,6,9,10}.

Figure 6: The Petersen graph.
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3. Adverse graphs and (k,7)-regular sets (cont.)
Theorem 2.3

B Let G be adverse with T = —A\in(Ag). Then G € Q if and
only if 1S C V(G) which is (0, T)-reqular.

B Let G be p-reqular, with p > 0. Then G € Q if and only if
1S C V(G) which is (0, 7)-regular, with T = —Apmin(Ag).

Theorem 2.4 [Thompson, 1951] Let G be a p-regular graph and

x(S) the characteristic vector of S C V(G). Then S is
(k,T)-reqular if and only if

i a (k- T)x(S)) c Ker(Ag — (k —1)I,),

T

where € 1s the all-ones vector.

-
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4. Analysis of particular families of graphs.

1. Bipartite graphs

— Since the minimum eigenvalue of a connected bipartite
graph G is simple, then Jv € V(G) such that

)\min (AG) < )\mzn (AG—{’U} ) .

2. Dismantlable graphs

— The one-vertex graph is dismantlable. A graph G with at
least two vertices is dismantlable if Jz,y € V(G) such that
Nglz] € Ngly] and G — {x} is dismantlable

Theorem 2.5 Given a graph G and 7 > 1, if Ip,q € V(G)
such that Ng|q) € Ng|p] then vg(T) > vg—ngp)(T)-

- /
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4. Analysis of particular families of graphs (cont.)

3. Graphs with low Dilworth number
— Given two vertices x,y € V(G), if Ng(y) C Ng|z] then we

say that the vertices x and y are comparable (according to
the vicinal preorder). The Dilworth number of a graph G,
dilw(G), is the largest number of pairwise incomparable

vertices of (.

Theorem 2.6 Let G be a not complete graph. If
dilw(G) < w(@) then G is not adverse.

A threshold graphs has Dilworth number equal to 1.

20



4 N

4. Analysis of particular families of graphs (cont.)

4. (Cy, Py)-free graphs
Theorem 2.7 Let G be a graph and T > 1. If dpq € E(G) such
that
v6(T) = Va-Ne(p)(T) = VG—Ne(9)(T)
then pq belongs to a Cy or p and q are the midpoints of a Py.

Theorem 2.8 Let G be a graph without isolated vertices, for
which the equalities (5) hold, with T > 1. If G is (Cy, Ps)-free,
then

Vo € V(G) a(G) = a(G — {v}).

- /
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4. Analysis of particular families of graphs (cont.

5. Particular cases of claw-free graphs

Theorem 2.9 Let G be a claw-free graph and ™ > 1. If
dpq € E(G) such that p and q are not the midpoints of a P, and

UG(T) = UG~ Ng(p) <T> — UG_NG(Q)(T)

then neither p nor q are a-critical.

Theorem 2.10 Let G be a (claw, Ps)-free graph without

1solated vertices. If G 1s adverse then
Vo € V(G) a(G) = a(G —{v}).

Theorem 2.11 Let G be a claw-free graph and p,q € V(QG)
such that pq & E(G). If Ng(p) C Ng(q) then Na(p) is an

a-redundant subset of vertices.

- /
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5. Final remarks and open problems.

B When 7 €]1, - A\in(Ag)|, if a(G) = vg(7) (from the
Karush-Khun-Tucker conditions) we may conclude that for

every maximum stable set S of G
T < |Ng(w)NS| Yv¢S. (6)

However, despite the existence of graphs G with a maximum
stable set S for which the condition (6) is fulfilled but the

equality vg(7) = a(G) does not holds, remains open to know:

(1) if the condition (6), with 7 €]1, —Ain(Ag)], fulfilled for
every maximum stable set S of & is sufficient to obtain the

equality

. /
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5. Final remarks and open problems.

B It is proved that an adverse graph G € Q if and only if
1S C V(G) which is (0, 7)-regular, with 7 = —\,,;n(Ag).
However,
(2) it is open to know the complexity of the recognition of
(0, 7)-regular sets, with 7 = —A,;n(Ag), in adverse graphs

G.

B Several families of graphs in which the O-graphs can be
recognized in polynomial-time were introduced, as it was the
case of bipartite graphs, dismantlable graphs, threshold graphs,
(Cy4, Py)-free and some particular cases of (claw, Ps)-free

graphs.

- /
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5. Final remarks and open problems.

B The recognition of Q-graphs which are line graphs of forests

can be done also in polynomial-time. However,

(3) there are many other families of graphs (as it is the case of
claw-free graphs) in which it is not known if the Q-graphs

are polynomial-time recognizable;

(4) furthermore, it is an open problem to know if there exists
an adverse graph without convex-() P stability number, even
when the graph is claw-free.

- /
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